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E-mail address: hjchoi@kookmin.ac.krPlane thermoelasticity solutions are presented for the problem of a crack in bonded materials with a
graded interfacial zone. The interfacial zone is treated as a nonhomogeneous interlayer having spatially
varying thermoelastic moduli between dissimilar, homogeneous half-planes. The crack is assumed to
exist in one of the half-planes at an arbitrary angle to the graded interfacial zone, disturbing uniform
steady-state heat ﬂows. The Fourier integral transformmethod is employed in conjunction with the coor-
dinate transformations of ﬁeld variables in the basic thermoelasticity equations. Formulation of the cur-
rent nonisothermal crack problem lends itself to the derivation of two sets of Cauchy-type singular
integral equations for heat conduction and thermal stress analyses. The heat-ﬂux intensity factors and
the thermal-stress intensity factors are deﬁned and evaluated in order to quantify the singular characters
of temperature gradients and thermal stresses, respectively, in the near-tip region. Numerical results
include the variations of such crack-tip ﬁeld intensity factors versus the crack orientation angle for var-
ious combinations of material and geometric parameters of the dissimilar media bonded through the
thermoelastically graded interfacial zone. The dependence of the near-tip thermoelastic singular ﬁeld
on the degree of crack-surface partial insulation is also addressed.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The last few decades have witnessed impressive progress in the
areas of functionally graded materials, in the light of a number of
potential beneﬁts that may stem from the use of such media in a
broad range of modern engineering practices, especially in ele-
vated temperature environments. From both the phenomenologi-
cal and mechanistic viewpoints, this progress can largely be
attributed to the tailoring capability to produce gradual variations
of thermophysical properties in the spatial domain to accommo-
date a variety of technological issues (Miyamoto et al., 1999). As
a result, the utilization of this new generation of engineered mate-
rials in the form of a transitional interlayer in bonded media or as a
graded coating deposited on the substrate has become one of the
highly innovative and promising applications in coping with vari-
ous shortcomings that are coupled with the apparent property
mismatch inherent in the conventional layered systems (Schulz
et al., 2003).
When the damage tolerance is a major concern in structural de-
sign with the graded components, the distinct problem area would
be to identify crack-tip singularities with the aim of quantifying
the effect of material gradations on crack driving forces and other
fracture parameters under iso- and nonisothermal loadingll rights reserved.conditions. A comprehensive review of related earlier studies of fo-
cal interest was compiled by Erdogan (1998), underscoring the
outstanding features regarding the crack-tip behavior that entails
graded, nonhomogeneous properties. The most notable is the
near-tip stress ﬁeld retaining the square-root singularity together
with the same angular distributions around the crack tip as those
in the homogeneous material, independent of crack orientation,
when the spatially varying elastic modulus is continuous and not
necessarily differentiable near and at the crack tip. Readers are re-
ferred to Eischen (1987) and Jin and Noda (1994a) for the corre-
spondence between the near-tip ﬁelds in homogeneous and
nonhomogeneous bodies. The standard analysis methodologies
can thus be applied to cracks in functionally graded materials such
that the inﬂuence of material gradations manifests itself through
the values of crack driving forces.
Under the isothermal loading condition, a number of additional
contributions in the quasi-static crack problems were reported,
among others, by Choi (1996, 1997), Paulino et al. (2003), and Chan
et al. (2008). In particular, the mixed-mode and anti-plane behav-
ior of a crack at an arbitrary angle to the graded interfacial zone in
bonded structures was also investigated by Choi (2001a, 2007a),
while the problem of an inclined crack in a graded coating was
examined by Long and Delale (2005). Besides, Choi (2001b) tackled
the problem of a subsurface crack in a substrate with graded
layering under Hertzian contact tractions and Dag and Erdogan
(2002) presented the solution for a surface crack in a graded
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Fig. 1. Bonded dissimilar half-planes containing a crack at an arbitrary angle to the
graded interfacial zone under steady-state heat ﬂows.
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and Paulino (2010) performed the analysis of interfacial cracking
in a graded coating/substrate system loaded by a frictional sliding
ﬂat punch. The elastodynamic response of a crack in media with
the graded properties was further dealt with by Choi (2004,
2006, 2007b) and Lee and Choi (2006).
It is well known that the presence of a crack in a thermally con-
ducting material results in local intensiﬁcation of temperature gra-
dient in the vicinity of crack tips (Sih, 1965). A thermal disturbance
of this type from that in an otherwise unﬂawed medium may, in
turn, induce critical thermal stresses around the crack, leading to
a loss of load-carrying capacity and catastrophic failure of struc-
tural components through crack propagation. In this respect, tak-
ing the spatial variations in both elastic and thermal properties
into account, Noda and Jin (1993) and Jin and Noda (1994b) exam-
ined the steady-state and transient thermoelastic problems of a
crack located parallel to the boundary of a functionally graded
material, respectively, whereas Erdogan and Wu (1996) and Jin
and Batra (1996) analyzed an edge-cracked strip with graded ther-
moelastic properties subjected to statically self-equilibrating ther-
mal stresses and sudden cooling, respectively. Subsequently, Choi
et al. (1998) studied the thermal shock response of collinear cracks
in a layered half-plane with a graded interfacial zone and Fujimoto
and Noda (2001) demonstrated how the composition proﬁle of a
graded plate affects the crack path under thermal shock. In
addition, Choi (2003) provided the mode II thermal stress intensity
factors when a uniform heat ﬂow is disturbed by a crack perpen-
dicular to the graded interfacial zone in bonded materials, and Itou
(2004) considered the thermal stress problem of a crack in the
nonhomogeneous interfacial layer between two dissimilar half-
planes. With application to the analysis of a crack in a graded
coating, Huang et al. (2004) proposed a multilayered approach by
simulating the graded medium as a stack of several sublayers with
thermoelastic moduli varying linearly in each sublayer and contin-
uous at the subinterfaces. Moreover, El-Borgi et al. (2003, 2006)
and Gharbi et al. (2009) solved, respectively, the thermal loading
problems of an interface crack, an embedded crack, and a surface
crack in a graded coating. For the interface crack in a graded ortho-
tropic coating/substrate structure, the corresponding thermal-
stress intensity factors were evaluated by Chen (2005) and Zhou
et al. (2010), in which the crack surfaces were assumed to be per-
fectly and partially insulated, respectively. It should be noted that
various computational models to investigate the thermal fracture
behavior of functionally graded materials are available in the liter-
ature due to Walters et al. (2004), Yildirim (2006), Kim and Amit
(2008) and Dag and Yildirim (2009).
As can be inferred from the aforementioned, the previous at-
tempts undertaken to date for the nonisothermal analyses of crack-
ing with the graded constituents are restricted to relatively simple
conﬁgurations, for which the symmetries prevail about the crack
plane or the normal through the crack center. The present paper
is, therefore, devoted to the plane thermoelasticity problem of a
crack at an arbitrary angle to the graded interfacial zone in bonded
media under steady-state heat ﬂows. The interfacial zone is treated
as a nonhomogeneous interlayer with continuous variations of
thermoelastic moduli between dissimilar, homogeneous half-
planes. In formulating the crack problem, the Fourier integral
transform method is employed in conjunction with the coordinate
transformations of basic ﬁeld variables in thermoelasticity. Two
sets of Cauchy-type singular integral equations are derived for heat
conduction and thermal stresses in the bonded system with the
oblique crack. With a view to quantifying the criticality of
thermally-induced singular behavior in the near-tip region, the
hear-ﬂux intensity factors and the thermal-stress intensity factors
are deﬁned and evaluated in terms of the solutions to the integral
equations. Numerical results are obtained to illustrate thevariations of such crack-tip ﬁeld intensity factors as a function of
crack orientation angle for various combinations of thermoelastic
and geometric parameters of the bonded materials. The effect of
crack-surface partial insulation on the strength of heat ﬂux and
thermal stress singularities is also addressed.
2. Problem statement and governing equations
Consider the two homogeneous half-planes bonded through an
interfacial zone with the graded properties. As shown in Fig. 1, the
bonded system is subjected to steady-state heat ﬂows of tempera-
ture gradients, rT1x and rT1y , in the horizontal and vertical direc-
tions, respectively, and the half-plane on the right-hand side
contains an oblique crack disturbing the heat ﬂows. The global geo-
metric coordinates (x,y) and the local crack coordinates (x1,y1) are
employed, with the relations between the two coordinates given
by:
x1 ¼ mxþ ny; y1 ¼ nxþmy; ð1aÞ
m ¼ cos h; n ¼ sin h; ð1bÞ
where the crack orientation angle h is measured counterclockwise
from the x-axis. In the (x1,y1) coordinates, the crack of length 2c
is directed along the line a < x1 < b and y1 = 0. With its distance from
the interfacial zone designated by d, the crack can be aligned from a
perpendicular position (h = 0) to a parallel or an interfacial one
(h = 90) in the bonded media. The cracked half-plane, the inter-
layer, and the uncracked half-plane are distinguished in order from
the right-hand side.
Let thermal conductivity coefﬁcients, shear moduli, and thermal
expansion coefﬁcients be denoted by kj, lj, and aj, j = 1, 2, 3, respec-
tively, and the interfacial zone be treated as a nonhomogeneous
interlayer of thickness h, with the properties approximated based
largely on analytical expediency as (Erdogan and Wu, 1996)
k2ðxÞ ¼ k1edx; l2ðxÞ ¼ l1ebx; a2ðxÞ ¼ a1ecx; ð2Þ
where the material gradation parameters d, b, and c are speciﬁed to
make the continuous transition of the thermoelastic moduli from
one half-plane to the other
d ¼ 1
h
ln
k1
k3
 
; b ¼ 1
h
ln
l1
l3
 
; c ¼ 1
h
ln
a1
a3
 
ð3Þ
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cause its variation within a practical range exerts an insigniﬁcant
inﬂuence on the values of crack driving forces (Choi, 1997).
Now that the bonded system is thermally loaded sufﬁciently
away from the crack, the resultant full-ﬁeld temperature consists
of the temperature distribution T0j(x,y), j = 1, 2, 3, in the absence
of a crack and the temperature perturbation Hj(x,y), j = 1, 2, 3,
caused by the presence of the crack as:
Tjðx; yÞ ¼ T0jðx; yÞ þHjðx; yÞ; j ¼ 1;2;3; ð4Þ
where the thermoelastic singular response in the near-tip region is
typiﬁed by the nontrivial temperature ﬁeld so that the formulation
hereinafter is thus given in terms of Hj(x,y), j = 1, 2, 3.
The heat ﬂux components are written as:
qjx ¼ kj
@Hj
@x
; qjy ¼ kj
@Hj
@y
; j ¼ 1;2;3 ð5Þ
and with ujx(x,y) and ujy(x,y), j = 1, 2, 3, being the displacement
components in the x- and y-directions, respectively, the Duhamel–
Neumann constitutive equations for the plane thermoelasticity
are given by Nowinski (1978):
rjxx ¼
lj
j 1 ð1þ jÞ
@ujx
@x
þ ð3 jÞ @ujy
@y
 4ajHj
 
; ð6aÞ
rjyy ¼
lj
j 1 ð1þ jÞ
@ujy
@y
þ ð3 jÞ @ujx
@x
 4ajHj
 
; ð6bÞ
rjxy ¼ lj
@ujx
@y
þ @ujy
@x
 
; j ¼ 1;2;3; ð6cÞ
where the subscript j is the number referred to the constituent, and
j ¼ 3 4m;aj ¼ ð1þ mÞaj for plane strain and j ¼ ð3 mÞ=ð1þ mÞ;
aj ¼ aj for plane stress.
The steady-state heat conduction equations are expressed as:
r2Hj þ d @Hj
@x
¼ 0; j ¼ 1;2;3 ð7Þ
and the Navier–Cauchy equations of equilibrium governing the
thermoelastic behavior are written as:
r2ujx þ 2j 1
@
@x
@ujx
@x
þ @ujy
@y
 
þ b
j 1 ð1þ jÞ
@ujx
@x
þ ð3 jÞ @ujy
@y
 
¼ 4a

j e
cx
j 1 ðbþ cÞHj þ
@Hj
@x
 
; ð8aÞ
r2ujy þ 2j 1
@
@y
@ujx
@x
þ @ujy
@y
 
þ b @ujy
@x
þ @ujx
@y
 
¼ 4a

j e
cx
j 1
@Hj
@y
; j ¼ 1;2;3; ð8bÞ
where d– 0, b– 0, c– 0 for the graded interlayer (j = 2) and d = 0,
b = 0, c = 0 for the homogenous half-planes (j = 1,3). Note that
a2 ¼ a1 when j = 2.
In the uncoupled, quasi-static thermoelasticity problem at
hand, the temperature perturbation is ﬁrst to be resolved from
the heat conduction problem and the ensuing temperature ﬁeld
is then incorporated into the mixed boundary value problem for
thermal stresses.3. Heat conduction analysis
The assumption of perfect thermal contact along the nominal
interfaces yields the continuity conditions for temperature and
heat ﬂuxes as:H1ð0; yÞ ¼ H2ð0; yÞ; H2ðh; yÞ ¼ H3ðh; yÞ; jyj <1; ð9aÞ
q1xð0; yÞ ¼ q2xð0; yÞ; q2xðh; yÞ ¼ q3xðh; yÞ; jyj <1; ð9bÞ
H1ðþ1; yÞ ¼ 0; H3ð1; yÞ ¼ 0; jyj <1 ð9cÞ
and the mixed thermal boundary conditions on the cracked plane
are imposed in the (x1,y1) coordinates
q1y1 ðx1;þ0Þ ¼ q1y1 ðx1;0Þ; x1 > 0; ð10aÞ
H1ðx1;þ0Þ ¼ H1ðx1;0Þ; 0 < x1 < a; x1 > b; ð10bÞ
q1y1 ðx1;þ0Þ ¼ k1 mrT1y þ nrT1x
 
 hc½H1ðx1;þ0Þ H1ðx1;0Þ; a < x1 < b; ð10cÞ
where hc is the ratio between local heat ﬂux and local temperature
discontinuity across the crack surfaces and termed as the crack-
surface heat conductance (Barber, 1976). It is noted that hc > 0 indi-
cates the partial heat ﬂow between the crack surfaces in proportion
to the temperature difference, with the limiting case of hc = 0 corre-
sponding to the completely insulated crack.
The state of temperature and heat ﬂuxes in the half-plane with
an arbitrarily oriented crack can be expressed as the sum of two
parts in the (x,y) coordinates:
H1ðx; yÞ ¼ Hð1Þ1 ðx; yÞ þHð2Þ1 ðx; yÞ; ð11aÞ
q1jðx; yÞ ¼ qð1Þ1j ðx; yÞ þ qð2Þ1j ðx; yÞ; j ¼ x; y ð11bÞ
or in the (x1,y1) coordinates:
H1ðx1; y1Þ ¼ Hð1Þ1 ðx1; y1Þ þHð2Þ1 ðx1; y1Þ; ð12aÞ
q1jðx1; y1Þ ¼ qð1Þ1j ðx1; y1Þ þ qð2Þ1j ðx1; y1Þ; j ¼ x1; y1; ð12bÞ
where the superscript (1) denotes the inﬁnite plane with a crack
and the superscript (2) is for the half-plane without the crack.
For the thermal ﬁeld in the homogeneous full-plane (d = 0) con-
taining the crack along a < x1 < b and y1 = 0, the heat conduction
equation is solved based on the Fourier integral transform method
to give the general solutions for temperatures in the upper (y1 > 0)
and lower (y1 < 0) regions, with those for heat ﬂuxes obtained from
Eq. (5). Upon fulﬁlling the thermal equilibrium in Eq. (10a) and
deﬁning an auxiliary function to account for the crack-induced
temperature disturbance
/0ðx1Þ ¼
@
@x1
Hð1Þ1 ðx1;þ0Þ Hð1Þ1 ðx1;0Þ
h i
; x1 > 0; ð13Þ
the temperature and heat ﬂuxes in the full-plane are derived in the
(x1,y1) coordinates as:
Hð1Þ1 ðx1; y1Þ ¼ 
1
2p
Z b
a
/0ðtÞ tan1
t  x1
y1
 
dt; ð14aÞ
qð1Þ1x1 ðx1; y1Þ ¼ 
k1
2p
Z b
a
/0ðtÞy1
ðt  x1Þ2 þ y21
dt; ð14bÞ
qð1Þ1y1 ðx1; y1Þ ¼ 
k1
2p
Z b
a
/0ðtÞðt  x1Þ
ðt  x1Þ2 þ y21
dt; ð14cÞ
subjected to the following continuity and single-valuedness condi-
tions outside the crack line:
/0ðtÞ ¼ 0;0 < t < a; t > b and
Z b
a
/0ðtÞdt ¼ 0: ð15a;bÞ
For the second part of the solution, the general expression of the
temperature can readily be obtained in the (x,y) coordinates in
terms of the Fourier integral as:
Hð2Þ1 ðx; yÞ ¼
1
2p
Z 1
1
Aejsjxisyds; x > 0 ð16Þ
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plane (d = 0) are also obtainable as:
H2ðx; yÞ ¼ 12p
Z 1
1
X2
j¼1
Bjekjxisyds; h < x < 0; ð17Þ
H3ðx; yÞ ¼ 12p
Z 1
1
Cejsjxisyds; x < h; ð18Þ
where s is the transform variable, A(s), Bj(s), j = 1, 2, and C(s) are
arbitrary unknowns, i = (1)1/2, and kj(s), j = 1, 2, are given by:
k1 ¼  d2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2
4
þ s2
s
; k2 ¼  d2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2
4
þ s2
s
: ð19Þ
The thermal interface continuity conditions, Eqs. (9a) and (9b),
can now be applied to determine the four unknowns, A(s), Bj(s),
j = 1, 2, and C(s), in terms of the auxiliary function /0, which then
remains to be evaluated from the thermal crack-surface condition
in Eq. (10c). To this end, the ﬁeld components for the cracked half-
plane in the (x,y) coordinates, Eqs. (11a) and (11b), are employed.
The full-plane solutions in Eqs. (14a)–(14c) obtained in the (x1,y1)
coordinates should thus be transformed to those in the (x,y)
coordinates
H1ðx; yÞ ¼ Hð1Þ1 ðx1; y1Þ þHð2Þ1 ðx; yÞ; ð20aÞ
q1xðx; yÞ ¼ mqð1Þ1x1 ðx1; y1Þ  nq
ð1Þ
1y1
ðx1; y1Þ þ qð2Þ1x ðx; yÞ; ð20bÞ
where from Eqs. (14) and (16), together with Eqs. (1) and (5), it can
be shown that:
H1ðx;yÞ¼ 12p
Z b
a
/0ðtÞtan1
tmxny
mynx
 
dtþ 1
2p
Z 1
1
Aejsjxisyds;
q1xðx; yÞ ¼
k1
2p
Z b
a
/0ðtÞ
nt  y
x2 þ y2 þ t2  2tðmxþ nyÞ
 
dt
þ k1
2p
Z 1
1
Ajsjejsjxisyds ð21a;bÞ
and by substituting Eqs. (17), (18) and (21) into Eqs. (9a) and (9b),
the unknowns, A(s), Bj(s), j = 1, 2, and C(s), can be expressed in terms
of the function /0 as provided in Appendix A.
Subsequently, the heat ﬂux component in the y1-direction for
the cracked half-plane is written from Eq. (12b), with its second
part transformed as:
q1y1 ðx1; y1Þ ¼ q
ð1Þ
1y1
ðx1; y1Þ  nqð2Þ1x ðx; yÞ þmqð2Þ1y ðx; yÞ; ð22aÞ
x ¼ mx1  ny1; y ¼ nx1 þmy1 ð22bÞ
and using Eqs. (5), (14c) and (16), one can obtain the following:
2p lim
y1!þ0
@H1
@y1
ðx1; y1Þ
¼
Z b
a
/0ðtÞ
t  x1 dt þ
Z 1
1
Aðnjsj  imsÞeðmjsjþinsÞx1ds; x1 > 0; ð23Þ
where the ﬁrst term on the right-hand side is the integral with a
Cauchy singular kernel.
After making use of the expression A(s) in Eq. (A.1) and applying
the crack-surface condition in Eq. (10c), a singular integral equa-
tion can be derived for heat conduction
Z b
a
/0ðtÞ
t  x1 dt þ
Z b
a
k0ðx1; tÞ/0ðtÞdt 
2phc
k1
Z x1
a
/0ðtÞdt
¼ 2prT1; a < x1 < b; ð24Þwhere k0(x1, t) is a kernel bounded in the interval [a,b] andrT1
denotes the equivalent temperature gradient across the crack
surfaces
k0ðx1; tÞ ¼
Z 1
0
K0ðsÞ m cosnsðt  x1Þ  n sinnsðt  x1Þ½ emsðtþx1Þds;
rT1 ¼ mrT1y þ nrT1x ð25a;bÞ
and the function K0(s) is written as:
K0ðsÞ ¼
d eh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2þ4s2
p
 1
 
2s eh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2þ4s2
p
 1
 

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2 þ 4s2
p
eh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2þ4s2
p
þ 1
  ; ð26Þ
which is for the crack oriented perpendicular to the nominal
interface.
4. Thermal stress analysis
For the incumbent thermoelasticity problem of bonded media
with a graded interlayer, the conditions of displacement continuity
and traction equilibrium along the nominal interfaces should be
fulﬁlled as:
u1xð0; yÞ ¼ u2xð0; yÞ; u1yð0; yÞ ¼ u2yð0; yÞ; jyj <1; ð27aÞ
u2xðh; yÞ ¼ u3xðh; yÞ; u2yðh; yÞ ¼ u3yðh; yÞ; jyj <1;
ð27bÞ
r1xxð0; yÞ ¼ r2xxð0; yÞ; r1xyð0; yÞ ¼ r2xyð0; yÞ; jyj <1; ð27cÞ
r2xxðh; yÞ ¼ r3xxðh; yÞ; r2xyðh; yÞ ¼ r3xyðh; yÞ; jyj <1;
ð27dÞ
u1jðþ1; yÞ ! 0; u3jð1; yÞ ¼ 0; j ¼ x; y; jyj <1 ð27eÞ
and the mixed mechanical boundary conditions on the cracked
plane are prescribed in the (x1,y1) coordinates as:
r1y1y1 ðx1;þ0Þ ¼ r1y1y1 ðx1;0Þ;
r1x1y1 ðx1;þ0Þ ¼ r1x1y1 ðx1;0Þ; x1 > 0; ð28aÞ
u1x1 ðx1;þ0Þ ¼ u1x1 ðx1;0Þ;
u1y1 ðx1;þ0Þ ¼ u1y1 ðx1;0Þ; 0 < x1 < a; x1 > b; ð28bÞ
r1y1y1 ðx1;þ0Þ ¼ 0; r1x1y1 ðx1;þ0Þ ¼ 0; a < x1 < b: ð28cÞ
As in the case of prior heat conduction analysis, for the half-
plane with an oblique crack, the corresponding state of thermo-
elastic displacements and stresses can be written as the sum of
two parts in the (x,y) coordinates:
u1iðx; yÞ ¼ uð1Þ1i ðx; yÞ þ uð2Þ1i ðx; yÞ; i ¼ x; y; ð29aÞ
r1ijðx; yÞ ¼ rð1Þ1ij ðx; yÞ þ rð2Þ1ij ðx; yÞ; i; j ¼ x; y ð29bÞ
or in the (x1,y1) coordinate system:
u1iðx1; y1Þ ¼ uð1Þ1i ðx1; y1Þ þ uð2Þ1i ðx1; y1Þ; i ¼ x1; y1; ð30aÞ
r1ijðx1; y1Þ ¼ rð1Þ1ij ðx1; y1Þ þ rð2Þ1ij ðx1; y1Þ; i; j ¼ x1; y1; ð30bÞ
where the superscripts (1) and (2), respectively, refer to the inﬁnite
plane containing a crack and the half-plane without the crack.
In order to ﬁnd the thermoelastic ﬁeld components in the
homogeneous full-plane (d = 0,b = 0,c = 0) with the crack along
H.J. Choi / International Journal of Solids and Structures 48 (2011) 893–909 897a < x1 < b and y1 = 0, the general solutions for displacements in the
upper (y1 > 0) and lower (y1 < 0) regions are obtained by solving
the Navier–Cauchy governing equations in Eqs. (8a) and (8b) and
those for stresses are obtainable from the constitutive relations
in Eqs. (6a)–(6c). After enforcing the traction equilibrium in Eq.
(28a) and introducing two auxiliary functions
/1ðx1Þ ¼
@
@x1
uð1Þ1y1 ðx1;þ0Þ  u
ð1Þ
1y1
ðx1;0Þ
h i
; x1 > 0; ð31aÞ
/2ðx1Þ ¼
@
@x1
uð1Þ1x1 ðx1;þ0Þ  u
ð1Þ
1x1
ðx1;0Þ
h i
; x1 > 0 ð31bÞ
and with the use of relevant expressions from the result of heat con-
duction analysis, the components of thermoelastic displacements
and stresses in the full-plane can be derived in the (x1,y1)
coordinates:
puð1Þ1x1 ðx1;y1Þ
¼ a

1
1þj
Z b
a
/0ðtÞy1 ln ðtx1Þ2þy21
h i1=2
dt
þ 1
1þj
Z b
a
/1ðtÞ
ð1jÞ
2
ln ðtx1Þ2þy21
h i1=2
 y
2
1
ðtx1Þ2þy21
" #
dt
 1
1þj
Z b
a
/2ðtÞ
ð1þjÞ
2
tan1
tx1
y1
 ðtx1Þy1
ðtx1Þ2þy21
" #
dt; ð32aÞ
puð1Þ1y1 ðx1;y1Þ
¼ a

1
1þj
Z b
a
/0ðtÞ ðt x1Þ 1 ln ðt x1Þ2þ y21
h i1=2	 

2y1 tan1
t x1
y1

dt 1
1þj
Z b
a
/1ðtÞ
ð1þjÞ
2
tan1
t x1
y1

þ ðt x1Þy1
ðt x1Þ2þ y21
#
dt 1
1þj
Z b
a
/2ðtÞ
ð1jÞ
2
ln ðt x1Þ2þ y21
h i1=2
þ y
2
1
ðt x1Þ2þ y21
#
dt; ð32bÞ
pð1þjÞ
2l1
rð1Þ1x1x1 ðx1;y1Þ
¼ a1
Z b
a
/0ðtÞ 2tan1
t x1
y1
 ðt x1Þy1ðt x1Þ2þ y21
" #
dt
þ
Z b
a
/1ðtÞ
t x1
ðt x1Þ2þ y21
 2ðt x1Þy
2
1
ðt x1Þ2þy21
h i2
2
64
3
75dt
þ
Z b
a
/2ðtÞy1
2
ðt x1Þ2þ y21
þ ðt x1Þ
2 y21
ðt x1Þ2þy21
h i2
2
64
3
75dt; ð32cÞ
pð1þjÞ
2l1
rð1Þ1y1y1 ðx1;y1Þ
¼a1
Z b
a
/0ðtÞ
ðtx1Þy1
ðtx1Þ2þy21
dt
þ
Z b
a
/1ðtÞ
tx1
ðtx1Þ2þy21
þ 2ðtx1Þy
2
1
ðtx1Þ2þy21
h i2
2
64
3
75dt

Z b
a
/2ðtÞy1
ðtx1Þ2y21
ðtx1Þ2þy21
h i2dt; ð32dÞpð1þjÞ
2l1
rð1Þ1x1y1 ðx1;y1Þ
¼a1
Z b
a
/0ðtÞ
y21
ðtx1Þ2þy21
"
þln ðtx1Þ2þy21
h i1=2
dt

Z b
a
/1ðtÞy1
ðtx1Þ2y21
ðtx1Þ2þy21
h i2dt
þ
Z b
a
/2ðtÞ
tx1
ðtx1Þ2þy21
 2ðtx1Þy
2
1
ðtx1Þ2þy21
h i2
2
64
3
75dt; ð32eÞ
where the functions /j, j = 1, 2, should satisfy the conditions of con-
tinuity and single-valuedness as:
/jðtÞ ¼ 0; 0 < t < a; t > b and
Z b
a
/jðtÞdt ¼ 0; j ¼ 1;2:
ð33a;bÞ
For the second part, the general solutions for the displacement
components are readily obtainable in the (x,y) coordinates in terms
of the Fourier integrals
uð2Þ1x ðx; yÞ ¼ 
i
2p
Z 1
1
s
jsj F1 þ F2 xþ
j
jsj
  
ejsjxisyds
þ a

1
pð1þ jÞ
Z 1
1
A x 1jsj
 
ejsjxisyds; ð34aÞ
uð2Þ1y ðx; yÞ ¼
1
2p
Z 1
1
ðF1 þ F2xÞejsjxisyds
þ a

1i
pð1þ jÞ
Z 1
1
A
s
jsj xe
jsjxisyds; x > 0; ð34bÞ
where Fj(s), j = 1, 2, are arbitrary unknowns.
The general expressions of the displacements in the graded
interlayer (d– 0,b– 0,c– 0) can be also obtained as:
u2xðx; yÞ ¼  i2p
Z 1
1
X4
j¼1
Gjmjenjxisyds
 2a

1e
cx
pð1 jÞ
Z 1
1
X2
j¼1
Bj
Uj
Dj
ekjxisyds; ð35aÞ
u2yðx; yÞ ¼ 12p
Z 1
1
X4
j¼1
Gjenjxisyds
 2a

1e
cxi
pð1 jÞ
Z 1
1
X2
j¼1
Bj
Xj
Dj
ekjxisyds; h < x < 0; ð35bÞ
where Gj(s), j = 1, . . . ,4, are arbitrary unknowns, nj(s), j = 1, . . . ,4, are
the roots of the characteristic equation
ðn2 þ bn s2Þ2 þ 3 j
1þ j
 
b2s2 ¼ 0; ð36Þ
from which it follows that:
nj ¼  b2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2
4
þ s2  ið1Þjbs 3 j
1þ j
 1=2s
; ReðnjÞ > 0; j ¼ 1;2;
ð37aÞ
nj ¼  b2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2
4
þ s2 þ ið1Þjbs 3 j
1þ j
 1=2s
; ReðnjÞ < 0; j ¼ 3;4
ð37bÞ
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mj ¼
ð1 jÞðn2j þ bnjÞ þ ð1þ jÞs2
½ð1 jÞb 2njs : ð38Þ
Moreover, the thermoelastic constants, Uj(s), Xj(s), and Dj(s),
j = 1, 2, in the particular solutions in Eqs. (35a) and (35b) are de-
ﬁned as:
Uj ¼ ðbþ cþ kjÞ 4js
2
1 j2 
1 j
1þ j
 
Pj
 
þ Qjs2; ð39aÞ
Xj ¼ sðbþ cþ kjÞ Qj þ 2b
2 j
1 j
  
 Pjs; ð39bÞ
Dj ¼ 4js
2
1 j2 
1 j
1þ j
 
Pj
 
Pj þ Qj þ 2b
2 j
1 j
  
Qjs
2 ð39cÞ
in which Pj(s) and Qj(s), j = 1, 2, are given by:
Pj ¼  1þ j1 j
 
ðcþ kjÞðbþ cþ kjÞ  s2; ð40aÞ
Qj ¼
bðj 3Þ  2ðcþ kjÞ
1 j : ð40bÞ
For the uncracked half-plane on the left-hand side (d = 0,b = 0,
c = 0), the general expressions of the displacement components
are written as:
u3xðx; yÞ ¼ i2p
Z 1
1
s
jsj H1 þ H2 x
j
jsj
  
ejsjxisyds
þ a

3
pð1þ jÞ
Z 1
1
C xþ 1jsj
 
ejsjxisyds; ð41aÞ
u3yðx; yÞ ¼ 12p
Z 1
1
ðH1 þ H2xÞejsjxisyds
 a

3i
pð1þ jÞ
Z 1
1
C
s
jsj xe
jsjxisyds; x < h; ð41bÞ
where Hj(s), j = 1, 2, are arbitrary unknowns.
As can be seen in the above, the general solutions involved in
the thermal stress analysis have a total of eight unknowns, Fj(s),
j = 1, 2, Gj(s), j = 1, . . . ,4, and Hj(s), j = 1, 2. The direct application
of interface conditions for the displacements and tractions, Eqs.
(27a)–(27d), would lead to a system of algebraic equations to be
solved for these unknowns in terms of /j, j = 1, 2, and /0 as well.
In what follows, as a judicious way of accomplishing such a routine
procedure, the transfer matrix approach (Bahar, 1972) is exploited,
the result of which is to be utilized in deriving the integral equa-
tions for thermal stresses.
4.1. Application of interface conditions for thermal stresses
In order to apply the interface conditions in Eqs. (27a)–(27d),
the ﬁeld components for the cracked half-plane in Eqs. (29a) and
(29b) as written in the (x,y) coordinates are employed, followed
by the transformation of full-plane solutions in Eqs. (32a)–(32e)
obtained in the (x1,y1) coordinates to those in the (x,y) coordinates
and the use of Eq. (1) such that
u1xðx; yÞ ¼ muð1Þ1x1 ðx1; y1Þ  nu
ð1Þ
1y1
ðx1; y1Þ þ uð2Þ1x ðx; yÞ; ð42aÞ
u1yðx; yÞ ¼ nuð1Þ1x1 ðx1; y1Þ þmu
ð1Þ
1y1
ðx1; y1Þ þ uð2Þ1y ðx; yÞ; ð42bÞ
r1xxðx; yÞ ¼ m2rð1Þ1x1x1 ðx1; y1Þ  2mnr
ð1Þ
1x1y1
ðx1; y1Þ
þ n2rð1Þ1y1y1 ðx1; y1Þ þ r
ð2Þ
1xxðx; yÞ; ð42cÞr1xyðx; yÞ ¼ mn rð1Þ1x1x1 ðx1; y1Þ  r
ð1Þ
1y1y1
ðx1; y1Þ
h i
þ ðm2  n2Þrð1Þ1x1y1 ðx1; y1Þ þ r
ð2Þ
1xyðx; yÞ: ð42dÞ
The state vectors, fj(x,s), j = 1, 2, 3, containing the displacements
and tractions in the bonded system are then deﬁned in the Fourier-
transformed domain (x,s) in the form as:
f jðx; sÞ ¼ ujxðx; sÞ=i; ujyðx; sÞ; rjxxðx; sÞ=i; rjxyðx; sÞ
 T
; j ¼ 1;2;3
ð43Þ
and from Eqs. (32), (34), (35), (41) and the constitutive relations in
Eqs. (6a)–(6c), the vectors, fj ðsÞ; j ¼ 1;2;3, evaluated at the right-
(+) and left-hand side () surfaces of the constituents can be writ-
ten as:
f1 ðsÞ ¼ T1 ðsÞa1 þ f1TðsÞ þWðsÞ; ð44aÞ
f2 ðsÞ ¼ T2 ðsÞa2 þ f2TðsÞ; ð44bÞ
fþ3 ðsÞ ¼ Tþ3 ðsÞa3 þ fþ3TðsÞ; ð44cÞ
where Tj ðsÞ; j ¼ 1;2;3, are matrices which are a function of not only
the variable s, but also the elastic parameters of the constituents,
and 4  4 for the interlayer (j = 2) and 42 for the half-planes
(j = 1,3), while aj(s), j = 1, 2, 3, are vectors for the unknowns in the
general solutions of thermoelasticity equations such that
a1 ¼ fF1ðsÞ; F2ðsÞgT ; a2 ¼ fG1ðsÞ;G2ðsÞ;G3ðsÞ;G4ðsÞgT ; ð45a;bÞ
a3 ¼ fH1ðsÞ;H2ðsÞgT ð45cÞ
and fjTðsÞ; j ¼ 1;2;3, are vectors that signify the nonisothermal ef-
fect originating from the nonhomogeneous part of the governing
equations in Eqs. (8a) and (8b). In addition, W(s) is a vector of four
units in length whose elements are obtained by taking the Fourier
transform of the full-plane solutions in Eq. (32) with respect to
y-axis (see Appendix B).
By using the state vector equations, the interfacial conditions in
Eqs. (27a)–(27d) can be expressed as:
T1 ðsÞa1 þ f1TðsÞ þWðsÞ ¼ Tþ2 ðsÞa2 þ fþ2TðsÞ; ð46aÞ
T2 ðsÞa2 þ f2TðsÞ ¼ Tþ3 ðsÞa3 þ fþ3TðsÞ ð46bÞ
and the elimination of the unknown vector a2(s) yields the
following:
GðsÞa3 þ rðsÞ ¼ H1ðsÞa1 þWðsÞ; ð47Þ
where G(s) is a 4  2 transfer matrix between the two half-planes
and r(s) is a vector of length four for the nonisothermal terms
GðsÞ ¼
Y3
j¼2
HjðsÞ; ð48aÞ
rðsÞ ¼ H2ðsÞ fþ3TðsÞ  f2TðsÞ
 þ fþ2TðsÞ  f1TðsÞ ð48bÞ
in which the matrix functions, Hj(s), j = 1, 2, 3, are deﬁned by:
H1ðsÞ ¼ T1 ðsÞ; H2ðsÞ ¼ Tþ2 ðsÞ T2 ðsÞ
 1
; H3ðsÞ ¼ Tþ3 ðsÞ: ð49Þ
The transfer matrix equation in Eq. (47) can be decomposed and
solved for the vectors, a1(s) and a3(s). In particular, the vector a1(s)
that is essentially required in deriving the integral equations for
thermal stresses can be obtained in terms of the elements of the
vectors, W(s) and r(s), such that
F1
F2
	 

¼ Q11 Q12
Q21 Q22
 
f01
f02
	 

; ð50Þ
where Qij(s), i ,j = 1, 2, are elements of a 2  2 matrix and f0j(s), j = 1,
2, are those of a vector of length two as
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H21 M21 H22 M22
 1
ð51aÞ
f0ðsÞ ¼
L11 L12
L21 L22
 
W3  r3
W4  r4
	 

 W1  r1
W2  r2
	 

ð51bÞ
in which Hij(s), i = 1, . . . ,4, j = 1, 2, are elements of the matrix H1(s),
and Mij(s), i ,j = 1, 2, and Lij(s), i ,j = 1, 2, are those of 2  2 matrices
MðsÞ ¼ G11 G12
G21 G22
 
G31 G32
G41 G42
 1 H31 H32
H41 H42
 
; ð52aÞ
LðsÞ ¼ G11 G12
G21 G22
 
G31 G32
G41 G42
 1
: ð52bÞ
It is noted that the matrix Q(s) depends only on the elastic constants
of the bonded system, and the vector f0(s) has the dependency on
the thermoelastic moduli and involves the functions /0 and /j,
j = 1, 2.
4.2. Integral equations for thermal stresses
The remaining traction-free crack surface conditions in the
(x1,y1) coordinates are written from Eqs. (28c) and (30b) as:
r1y1y1 ðx1;þ0Þ ¼ rð1Þ1y1y1 ðx1;þ0Þ þ r
ð2Þ
1y1y1
ðx1;þ0Þ ¼ 0; a < x1 < b;
r1x1y1 ðx1;þ0Þ ¼ rð1Þ1x1y1 ðx1;þ0Þ
þ rð2Þ1x1y1 ðx1;þ0Þ ¼ 0; a < x1 < b;
ð53a;bÞ
where the ﬁrst terms on the right-hand side are evaluated from Eqs.
(32d) and (32e) as the integrals with Cauchy singular kernels
pð1þ jÞ
2l1
lim
y1!þ0
rð1Þ1y1y1 ðx1; y1Þ ¼
Z b
a
/1ðtÞ
t  x1 dt; ð54aÞ
pð1þ jÞ
2l1
lim
y1!þ0
rð1Þ1x1y1 ðx1; y1Þ ¼
Z b
a
/2ðtÞ
t  x1 dt
þ a1
Z b
a
/0ðtÞ ln jt  x1jdt ð54bÞ
and the second terms transformed from the (x,y) coordinates to the
(x1,y1) coordinates are expressed as:
rð2Þ1y1y1 ðx1; y1Þ ¼ n
2rð2Þ1xxðx; yÞ  2mnrð2Þ1xyðx; yÞ þm2rð2Þ1yyðx; yÞ; ð55aÞ
rð2Þ1x1y1 ðx1; y1Þ ¼ mn r
ð2Þ
1yyðx; yÞ  rð2Þ1xxðx; yÞ
h i
þ ðm2  n2Þrð2Þ1xyðx; yÞ;
ð55bÞ
so that from Eqs. (6), (34), and (22b), it can be shown that
p
l1
lim
y1!þ0
rð2Þ1y1y1 ðx1;y1Þ
¼
Z 1
1
F1 N11ðs;x1Þþ iN12ðs;x1Þ½ f
þ F2½N13ðs;x1Þþ iN14ðs;x1ÞgeðmjsjþinsÞx1ds
þ 2a

1
1þj
Z 1
1
A½X11ðs;x1Þþ iX12ðs;x1ÞeðmjsjþinsÞx1ds ð56aÞ
p
l1
lim
y1!þ0
rð2Þ1x1y1 ðx1;y1Þ
¼
Z 1
1
F1 N21ðs;x1Þþ iN22ðs;x1Þ½ f
þ F2½N23ðs;x1Þþ iN24ðs;x1ÞgeðmjsjþinsÞx1ds
þ 2a

1
1þj
Z 1
1
A½X21ðs;x1Þþ iX22ðs;x1ÞeðmjsjþinsÞx1ds ð56bÞin which Nij(s,x1), i = 1, 2, j = 1, . . . ,4, and Xij(s,x1), i ,j = 1, 2, are given
by:
N11ðs; x1Þ ¼ 2mnjsj; N12ðs; x1Þ ¼ ðn2 m2Þs; ð57aÞ
N13ðs; x1Þ ¼ mnð2mjsjx1  1þ jÞ;
N14ðs; x1Þ ¼ ðn2 m2Þ msx1  jsjs
1 j
2
 
þ jsj
s
; ð57bÞ
N21ðs; x1Þ ¼ ðn2 m2Þjsj; N22ðs; x1Þ ¼ 2mns; ð57cÞ
N23ðs; x1Þ ¼ ðn2 m2Þ mjsjx1  1 j2
 
;
N24ðs; x1Þ ¼ mn jsjs ð1 jÞ  2msx1
 
; ð57dÞ
X11ðs; x1Þ ¼ mðn2 m2Þjsjx1  2m2;
X12ðs; x1Þ ¼ 2mn msx1  jsjs
 
; ð57eÞ
X21ðs; x1Þ ¼ 2mnð1mjsjx1Þ;
X22ðs; x1Þ ¼ ðn2 m2Þ msx1  jsjs
 
: ð57fÞ
Upon substituting Eqs. (54) and (56) into Eq. (53) and using the
expressions of Fj(s), j = 1, 2, in Eq. (50) and A(s) in Eq. (A.1), followed
by some algebraic manipulations, a system of Cauchy-type singular
integral equations is derived for the thermal stress analysis in the
form as:Z b
a
/1ðtÞ
t  x1 dt þ
Z b
a
X2
j¼1
k1jðx1; tÞ/jðtÞdt
¼
Z b
a
a1g12ðx1; tÞ  g11ðx1; tÞ
 
/0ðtÞdt; a < x1 < b; ð58aÞ
Z b
a
/2ðtÞ
t x1 dtþ
Z b
a
X2
j¼1
k2jðx1; tÞ/jðtÞdt
¼
Z b
a
a1g22ðx1; tÞ g21ðx1; tÞa1 ln jt x1j
 
/0ðtÞdt; a< x1 < b;
ð58bÞ
where the kernels kij(x1, t), i, j = 1, 2, and gij(x1, t), i, j = 1, 2, are writ-
ten as:
kijðx1; tÞ
¼
Z 1
0
Kijðs; x1; tÞ cosnsðt  x1Þ

Kiðjþ2Þðs; x1; tÞ sinnsðt  x1Þ

emsðtþx1Þds; i; j ¼ 1;2;
ð59aÞ
gijðx1;tÞ
¼
Z 1
0
Cijðs;x1;tÞcosnsðtx1Þ

Ciðjþ1Þðs;x1;tÞsinnsðtx1Þ

emsðtþx1Þds; ði;jÞ¼ð1;1Þ;ð2;1Þ;
ð59bÞ
gijðx1; tÞ
¼
Z 1
0
1
s
K0ðsÞ Xiðj1Þðs; x1Þ sinnsðt x1Þ

þXijðs; x1Þ cosnsðt x1Þ

emsðtþx1Þds; ði; jÞ ¼ ð1;2Þ; ð2;2Þ ð59cÞ
in which Kij(s,x1, t), i = 1,2, j = 1, . . . ,4, and Cij(s, x1, t), i, j = 1, 2, are
intricate functions of isothermal and nonisothermal moduli, respec-
tively, as well as the geometry of the bonded trimaterial system.
-0.2
0.0
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exponentially decaying behavior as the variable s tends to be large,
indicating that the kernels are bounded. On the other hand, the dis-
appearance of the exponential decay that is noted when h? 90 or
(t + x1)? 0.0 renders the convergence rate of related improper
integrals relatively slower than they would be otherwise. The for-
mer is for a crack lying along or parallel to the nominal interface
and the latter is associated with a crack that has its tip extended
up to the interface. In particular, when d = 0.0 and 0 6 h 6 90, it
can be shown that there exist logarithmic terms in the kernels
other than lnjt  x1j in Eq. (58b), as discussed by Erdogan (1998)
for the two special cases of h = 0 and h = 90. Such logarithmic
terms, nonetheless, can be treated as part of regular kernels in
the presence of Cauchy singular kernels 1/(t  x1) in the sense that
the logarithmic singularities are square-integrable, without affect-
ing the near-tip singular order of the thermoelastic ﬁeld in the ob-
lique crack conﬁguration, provided the thermoelastic moduli are
continuous and piecewise differentiable near and at the crack tip.
This is in contrast to the oscillatory or nonsquare-root singularities
encountered in the analysis of crack problems for bonded media
which are of piecewise homogeneous nature (Rice, 1988; Romeo
and Ballarini, 1995).0 15 30 45 60 75 90
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Fig. 3. Variations of heat-ﬂux intensity factors KH/KH0 as a function of h under a
horizontal heat ﬂow rT1x ¼ rT;rT1y ¼ 0
 
for different values of kb where
KH0 = k1rTc1/2, h/2c = 0.5, and d/c = 0.0.5. Solution procedure and near-tip ﬁeld intensity factors
Because the dominant singular kernels in the integral equations
are attributable solely to the Cauchy type, the square-root crack-tip
behavior of the problem can be preserved by expressing the auxil-
iary functions as (Muskhelishvili, 1953)
/jðtÞ ¼
ujðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðt  aÞðb tÞ
p ; a < t < b; j ¼ 0;1;2; ð60Þ
where uj(t), j = 0, 1, 2, are unknown functions, bounded and non-
zero at the end points. In the normalized interval
t
x1
	 

¼ b a
2
g
n
	 

þ bþ a
2
; 1 < ðg; nÞ < 1; ð61Þ
the integral equations in Eqs. (24) and (58) are rewritten as:0 15 30 45 60 75 90
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Fig. 2. Variations of mode II thermal-stress intensity factors KII/KT0 as a function of h
in an inﬁnite homogeneous plane under a horizontal heat ﬂow rT1x ¼

rT;rT1y ¼ 0Þ for different values of kb where KT0 = 2la*rTc3/2/(1 + j).Z 1
1
/0ðgÞ
g n dgþ
b a
2
Z 1
1
k0ðn;gÞ/0ðgÞdg
 2pkb
Z n
1
/0ðgÞdg ¼ 2prT1; jnj < 1; ð62aÞ
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2
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Fig. 4. Variations of heat-ﬂux intensity factors KH/KH0 as a function of h under a
vertical heat ﬂow rT1y ¼ rT;rT1x ¼ 0
 
for different values of kb where
KH0 = k1rT c1/2, h/2c = 0.5, and d/c = 0.0.
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Eq. (62a) is the Biot number, as the dimensionless ratio between
heat conductance at the crack surfaces and the conductivity of the
cracked constituent, to describe the degree of crack-surface partial
insulation (Barber, 1980). As is evident in the foregoing, the integral
equation in Eq. (62a) for heat conduction should ﬁrst be indepen-
dently solved for /0, with the corresponding results made available
for incorporation as the forcing terms in solving the system of inte-
gral equations in Eqs. (62b) and (62c) for thermal stress analysis.
The solutions to the singular integral equations can, therefore,
be expanded into the series of the Chebyshev polynomials of the
ﬁrst kind Tn as:
/jðtÞ ¼ /jðgÞ ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 g2p
X1
n¼0
cjnTnðgÞ; jgj < 1; j ¼ 0;1;2 ð63Þ
where cjn, j = 0, 1, 2, nP 0, are unknown coefﬁcients and via the
orthogonality for Tn, the compatibility conditions in Eqs. (15b)
and (33b) are identically satisﬁed when cj0 = 0, j = 0, 1, 2.
After substituting Eq. (63) into Eqs. (62a)–(62c), truncating the
series with the ﬁrst N terms, and using the properties of the0 15 30 45 60 75 90
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Fig. 5. Variations of thermal-stress intensity factors (a) KI/KT0 and (b) KII/KT0 as a
function of h under a horizontal heat ﬂow rT1x ¼ rT;rT1y ¼ 0
 
for different
values of kb where KT0 ¼ 2l1a1rTc3=2=ð1þ jÞ; h=2c ¼ 0:5, and d/c = 0.0.Chebyshev polynomials (Gradshteyn and Ryzhik, 2000), one can
show that the integral equations are regularized
XN
n¼1
c0n p 1þ2kbn
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 n2
q 
Un1ðnÞþHn0ðnÞ
 
¼2prT1; jnj< 1;
p
XN
n¼1
c1n
c2n
	 

Un1ðnÞþ
XN
n¼1
Hn11ðnÞ Hn12ðnÞ
Hn21ðnÞ Hn22ðnÞ
" #
c1n
c2n
	 

¼ f1ðnÞ
f2ðnÞ
	 

; jnj<1
ð64a;bÞ
where Un are the Chebyshev polynomials of the second kind and the
functions, Hn0ðnÞ and HnijðnÞ; i; j ¼ 1;2, are given by
Hn0ðnÞ ¼
b a
2
Z 1
1
k0ðn;gÞTnðgÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 g2
p dg; ð65aÞ
HnijðnÞ ¼
b a
2
Z 1
1
kijðn;gÞTnðgÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 g2
p dg; i; j ¼ 1;2 ð65bÞ
while the forcing functions, fj(n), j = 1, 2, that contain the thermal
loading are deﬁned as:0 15 30 45 60 75 90
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Fig. 6. Variations of thermal-stress intensity factors (a) KI/KT0 and (b) KII/KT0 as a
function of h under a vertical heat ﬂow rT1y ¼ rT;rT1x ¼ 0
 
for different values
of kb where KT0 ¼ 2l1a1rTc3=2=ð1þ jÞ;h=2c ¼ 0:5, and d/c = 0.0.
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To recast the functional equations in Eqs. (64a) and (64b) into
solvable form, the zeros of TN concentrated near the ends n = ±1
are chosen as a set of collocation points (Erdogan, 1978)
TNðnjÞ ¼ 0; nj ¼ cos
pð2j 1Þ
2N
 
; j ¼ 1;2; . . . ;N ð67Þ
and by evaluating Eq. (64a) at N station points nj, a system of linear
algebraic equations is constructed and solved for c0n, 1 6 n 6 N, to
be incorporated into Eqs. (66a) and (66b). Likewise, the equations
in Eq. (64b) can then be reduced to a system of linear algebraic
equations for cjn, j = 1, 2, 1 6 n 6 N.0 15 30 45 60 75 90
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Fig. 7. Variations of heat-ﬂux intensity factors KH/KH0 as a function of h under a
horizontal heat ﬂow rT1x ¼ rT;rT1y ¼ 0
 
for different values of h/2c where
KH0 = k1rTc1/2, kb = 0.0, and d/c = 0.0.
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Fig. 8. Variations of heat-ﬂux intensity factors KH/KH0 as a function of h under a
vertical heat ﬂow rT1y ¼ rT;rT1x ¼ 0
 
for different values of h/2c where
KH0 = k1rTc1/2, kb = 0.0, and d/c = 0.0.Once the coefﬁcients, cjn, j = 0, 1, 2, 16 n6 N, are obtained, the
integral equations in Eq. (24) and Eq. (58) can provide the values of
heatﬂux,q1y1 ðx1;0Þ, and tractions,r1y1y1 ðx1;0Þandr1x1y1 ðx1;0Þ, ahead
of crack tips, respectively, that both possess the inverse square-root
singular behavior. The singular thermal behavior implies the thermal
energy localization in heat conduction around the crack and such
intensiﬁed energy would exert an adverse effect in dissipating the
heat. In order to measure the magnitude of local intensiﬁcation of
the thermal ﬁeld at the point of singularity and to signify the thermal
energyaccumulated inthenear-tip regionaswell, theheat-ﬂux inten-
sity factors KH can be deﬁned and evaluated as (Tzou, 1991)
KHðaÞ¼ lim
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2
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2
r XN
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ð1Þnþ1c0n; x1 < a; ð68aÞ
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2ðx1  bÞ
q
q1y1 ðx1;0Þ
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2
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2
r XN
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Fig. 9. Variations of thermal-stress intensity factors (a) KI/KT0 and (b) KII/KT0 as a
function of h under a horizontal heat ﬂow rT1x ¼ rT;rT1y ¼ 0
 
for different
values of h/2c where KT0 ¼ 2l1a1rTc3=2=ð1þ jÞ, kb = 0.0, and d/c = 0.0.
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ses that develop in turn, the mixed-mode stress intensity factors are
also deﬁned and evaluated such that
K IðaÞ
K IIðaÞ
	 

¼ lim
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where KI and KII are modes I and II stress intensity factors, respec-
tively, and due to the continuity of thermoelastic moduli through
the graded interlayer, the ﬁeld intensity factors in the preceding
equations are equally valid for d = 0.0 as well, in which one of the
crack tip is terminated at the location of nominal interface with
the interlayer.0 15 30 45 60 75 90
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Fig. 10. Variations of thermal-stress intensity factors (a) KI/KT0 and (b) KII/KT0 as a
function of h under a vertical heat ﬂow rT1y ¼ rT;rT1x ¼ 0
 
for different values
of h/2c where KT0 ¼ 2l1a1rTc3=2=ð1þ jÞ, kb = 0.0, and d/c = 0.0.6. Results and discussion
The integral equations in Eqs. (24) and Eq. (58) are solved for
various combinations of geometric (h,h/2c,d/c) and thermoelastic
parameters (kb,k3/k1,l3/l1,a3/a1) of the problem under consider-
ation. The state of plane strain is assumed with the constant
Poisson’s ratio m = 0.3. In the numerical implementation, no more
than thirty-term expansions of the Chebyshev polynomials in Eq.
(63) are found to be sufﬁcient for the solution to converge with
the desired level of accuracy, with the kernels in Eqs. (25a) and
(59) and the other related integrals in Eqs. (65) and (66) being eval-
uated based on the Gauss–Legendre and Gauss–Chebyshev quadr-
atures, respectively (Davis and Rabinowitz, 1984).
To conﬁrm the validity of the current method of solutions, the
problem of a homogeneous plane of inﬁnite extent containing a
partially insulated crack and subjected to a steady-state heat ﬂow
in the horizontal direction (rT1x ¼ rT and rT1y ¼ 0) is ﬁrst0 15 30 45 60 75 90
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Fig. 11. Variations of heat-ﬂux intensity factors KH/KH0 as a function of h under a
horizontal heat ﬂow rT1x ¼ rT;rT1y ¼ 0
 
for different values of k3/k1 where
KH0 = k1rTc1/2, kb = 0.0, h/2c = 0.5, and d/c = 0.0.
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Fig. 12. Variations of heat-ﬂux intensity factors KH/KH0 as a function of h under a
vertical heat ﬂow rT1y ¼ rT;rT1x ¼ 0
 
for different values of k3/k1 where
KH0 = k1rTc1/2, kb = 0.0, h/2c = 0.5, and d/c = 0.0.
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ing or shear mode, regardless of crack orientation angle h. The vari-
ations of corresponding mode II thermal-stress intensity factors KII
are plotted in Fig. 2 as a function of h, for different values of the Biot
number kb. It is noted that the present values of KII are those at the
right-hand side crack tip and normalized with KT0 = 2la*rTc3/2/
(1 + j), which is for a fully insulated crack (kb = 0.0) aligned per-
pendicular to the heat ﬂow direction, and those evaluated for this
insulated crack are in exact agreement with the closed form solu-
tion (Sekine, 1987). With the crack-surface thermal condition
being relaxed via kb greater than zero, the severity of the thermal
stress ﬁeld around the crack is shown to be signiﬁcantly alleviated,
leading to nonconservative results in comparison with those ob-
tained under the imposition of perfect crack-surface insulation.
As a next step toward predicting the thermally-induced crack-
tip singularities in the bonded system, a metal/ceramic pair that
is representative of titanium-based alloy (Ti-6Al-4V) bonded to
zirconia (ZrO2) is selected, with the ratios of thermoelastic moduli
given by k3/k1 = 8.89, l3/l1 = 0.5658, a3/a1 = 1.4487 (Fujimoto and
Noda, 2001) and h/2c = 0.5, d/c = 0.0, unless otherwise stated.0 15 30 45 60 75 90
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Fig. 13. Variations of thermal-stress intensity factors (a) KI/KT0 and (b) KII/KT0 as a
function of h under a horizontal heat ﬂow rT1x ¼ rT;rT1y ¼ 0
 
for different
values of k3/k1 with l3/l1 = 0.2 and a3/a1 = 0.2 where KT0 ¼ 2l1a1rTc3=2=
ð1þ jÞ; kb ¼ 0:0;h=2c ¼ 0:5, and d/c = 0.0.Subsequently, further results are provided for the purpose of gain-
ing an insight into the effects of variations of thermoelastic proper-
ties (k3/k1,l3/l1,a3/a1) on the crack-tip behavior in the prescribed
thermal loading environment. In this process, the resulting values
of the ﬁeld intensity factors are discussed for each of the heat ﬂows
in the horizontal and vertical directions.
Under the condition that the crack surfaces are partially insu-
lated in the above material pair, the variations of heat-ﬂux inten-
sity factors KH versus the crack obliquity h are illustrated Figs. 3
and 4, under a steady-state heat ﬂow in the horizontal direction
(rT1x ¼ rT and rT1y ¼ 0) and in the vertical direction (rT1y ¼
rT and rT1x ¼ 0), respectively. The results are normalized by
KH0 = k1rTc1/2. A generic feature is that with no thermal disorder
prevalent for the crack parallel to the direction of heat ﬂow, the
magnitude of KH increases as the angle between the crack line
and the heat ﬂow direction is enlarged, but reduces as the crack
surfaces are rendered heat conductive (kb > 0.0). Besides, it is
understood that the more harsh thermal condition endured by
the crack tip b is attributed to the mitigated effect of higher
thermal conductivity of the adjacent constituent.0 15 30 45 60 75 90
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Fig. 14. Variations of thermal-stress intensity factors (a) KI/KT0 and (b) KII/KT0 as a
function of h under a vertical heat ﬂow rT1y ¼ rT;rT1x ¼ 0
 
for different values
of k3/k1 with l3/l1 = 0.2 and a3/a1 = 0.2 where KT0 ¼ 2l1a1rTc3=2=ð1þ jÞ; kb ¼
0:0; h=2c ¼ 0:5, and d/c = 0.0.
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that correspond to Figs. 3 and 4 are displayed in Figs. 5 and 6,
respectively, with the normalizing quantity KT0 ¼ 2l1a1rTc3=2=
ð1þ jÞ, where the severity of near-tip thermal stresses is also
shown to be relieved as the crack becomes conductive with
kb > 0.0. In contrast to the thermal behavior, however, the results
in Figs. 5 and 6 indicate that the crack tip a is suffering from the
rather intensiﬁed near-tip stress ﬁeld such that both the values
of thermal-stress intensity factors, KI and KII, at the crack tip a
are of greater magnitude than those at the crack tip b. To be spe-
ciﬁc, as shown in Figs. 5a and 5b for the heat ﬂowing in the hori-
zontal direction, when the crack orientation angle h is enlarged,
the magnitudes of KI and KII are, in general, augmented in a monot-
onous manner from the null values at h = 0 to their maxima that
are matched with the interfacial cracking at h = 90. It is worth
mentioning for Fig. 6 that under the vertical heat ﬂow that im-
pinges on the crack surfaces perpendicularly as h = 0, the antisym-
metry of the temperature gradient, along with the geometric and
material symmetry with respect to the crack line, allows the crack
surfaces to separate not in the opening mode, but in the sliding0 15 30 45 60 75 90
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Fig. 15. Variations of thermal-stress intensity factors (a) KI/KT0 and (b) KII/KT0 as a
function of h under a horizontal heat ﬂow rT1x ¼ rT;rT1y ¼ 0
 
for different
values of k3/k1 with l3/l1 = 5.0 and a3/a1 = 0.2 where KT0 ¼ 2l1a1rTc3=2=ð1þ jÞ;
kb ¼ 0:0;h=2c ¼ 0:5, and d/c = 0.0.mode so that only the mode II thermoelastic deformation occurs
(Choi, 2003). Furthermore, albeit the magnitudes of KII in Fig. 6b
decrease consistently as the crack angle h increases, those of KI in
Fig. 6a reach their peak around the angle h = 50. It should be re-
marked that comparison of the maximum values of KI in Figs. 5a
and 6a reveals that the heat ﬂow in the direction of material grada-
tion appears to give rise to the more severe near-tip condition than
the vertical heat ﬂow.
With the imposition of a fully insulated crack-surface condition
(kb = 0.0) in the same material pair, Figs. 7 and 8 provide the vari-
ations of heat-ﬂux intensity factors KH as a function of h when the
heat ﬂows in the horizontal and vertical directions, respectively,
for different values of graded interlayer thickness, h/2c. In this case,
the magnitude of KH is shown to become larger as h/2c increases
with the implication that the interlayer of greater thickness is less
effective in dissipating the heat in the near-tip region, which is
seen to be considerable for the crack tip a.
The results in Figs. 9 and 10 illustrate the thermal-stress inten-
sity factors that are associated with the thermal behavior in Figs. 7
and 8, respectively, over the given range of crack obliquity h. It can0 15 30 45 60 75 90
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Fig. 16. Variations of thermal-stress intensity factors (a) KI/KT0 and (b) KII/KT0 as a
function of h under a vertical heat ﬂow rT1y ¼ rT;rT1x ¼ 0
 
for different values
of k3/k1 with l3/l1 = 5.0 and a3/a1 = 0.2 where KT0 ¼ 2l1a1rTc3=2=ð1þ jÞ;
kb ¼ 0:0;h=2c ¼ 0:5, and d/c = 0.0.
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thickness h/2c is likely to lower the magnitudes of KI at both the
crack tips, counteracting the effect of the nearby compliant constit-
uent (l3/l1 = 0.5658). On the other hand, Figs. 9b and 10b clarify
the crack-tip deformation that is compatible with the results in
Figs. 7 and 8 such that the magnitudes of KII become greater for
the greater h/2c, which appears to be fairly noteworthy for the
crack tip b. If the thickness of the graded interlayer were to in-
crease even further relative to the crack size, the thermal-stress
intensity factors in Figs. 9 and 10 which are now of mixed-mode
would degenerate to those as plotted in Fig. 2, namely, the mode
II thermal-stress intensity factors due to a uniform heat ﬂow dis-
turbed by a crack in the inﬁnite homogeneous plane. To be noted
is that locating the crack away from the interlayer (d/c > 0.0) would
have a similar inﬂuence that is observed when increasing the inter-
layer thickness.
In the sequel, additional results are presented in Figs. 11–20 in
order to examine the effects of material parameters (k3/k1,l3/
l1,a3/a1) on the near-tip thermoelastic ﬁeld as a function of crack
orientation angle h. It is assumed that h/2c = 0.5, d/c = 0.0, and0 15 30 45 60 75 90
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Fig. 17. Variations of thermal-stress intensity factors (a) KI/KT0 and (b) KII/KT0 as a
function of h under a horizontal heat ﬂow rT1x ¼ rT;rT1y ¼ 0
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for different
values of k3/k1 with l3/l1 = 0.2 and a3/a1 = 5.0 where KT0 ¼ 2l1a1rTc3=2=ð1þ jÞ;
kb ¼ 0:0;h=2c ¼ 0:5, and d/c = 0.0.kb = 0.0. To begin with, the results in Figs. 11 and 12 describe
how the thermal conductivity ratio k3/k1 affects the thermal
behavior under the horizontal and vertical heat ﬂows, respectively.
It is predicted that the magnitude of heat-ﬂux intensity factors KH
is reduced as the ratio k3/k1 is increased, implying the enhanced
thermal protection for the crack by the facilitated heat dissipation
through the neighboring constituent that possesses the higher
thermal conductivity.
The dependence of thermal-stress intensity factors on the ther-
moelastic parameters is next discussed for the prescribed range of
crack obliquity h. With the ratios of shear moduli and thermal
expansion coefﬁcients being ﬁxed as (l3/l1, a3/a1) = (0.2,0.2), the
results are shown in Figs. 13 and 14 for different values of the ther-
mal conductivity ratio k3/k1, when the heat ﬂows in the horizontal
and vertical directions, respectively. Speciﬁcally, those in Figs. 13a
and 14a dictate that the increase in the ratio k3/k1 has a tendency
to build up the severity of thermoelastic deformation in the open-
ing mode, by amplifying substantially the values of KI. On the other
hand, in compliance with the thermal response in Figs. 11 and 12,
one can observe from Figs. 13b and 14b that the increase in the0 15 30 45 60 75 90
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Fig. 18. Variations of thermal-stress intensity factors (a) KI/KT0 and (b) KII/KT0 as a
function of h under a vertical heat ﬂow rT1y ¼ rT;rT1x ¼ 0
 
for different values
of k3/k1 with l3/l1 = 0.2 and a3/a1 = 5.0 where KT0 ¼ 2l1a1rTc3=2=ð1þ jÞ;
kb ¼ 0:0; h=2c ¼ 0:5, and d/c = 0.0.
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in the shear mode.
For the combination of thermoelastic properties as (l3/l1,a3/
a1) = (5.0,0.2), the corresponding thermal-stress intensity factors
due to the horizontal and vertical heat ﬂows are presented in
Figs. 15 and 16, respectively. Of interest in this case is the crack clo-
sure as can commonly be exempliﬁed by the negative values of KI
in both Figs. 15a and 16a, which are obtained when k3/k1 < 1.0 in
conjunction with the rigid constraint from the adjoining stiffer
constituent as l3/l1 = 5.0. The variations of KII with respect to
the crack obliquity h and the ratio k3/k1 in Figs. 15b and 16b, how-
ever, remain analogous to those in Figs. 13b and 14b.
As demonstrated in Fig. 17a and 18a for the values of KI ob-
tained under the heat ﬂow in the horizontal and vertical directions,
respectively, the increase in the thermal expansion coefﬁcient as
(l3/l1,a3/a1) = (0.2,5.0) also enforces such crack closing behavior
to prevail in an obvious manner in the range of h. This trend is
shown to become more notable if the thermal conductivity of the
adjacent constituent is lowered relative to that of the cracked con-
stituent. Moreover, the results in Figs. 17b and 18b indicate that0 15 30 45 60 75 90
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Fig. 19. Variations of thermal-stress intensity factors (a) KI/KT0 and (b) KII/KT0 as a
function of h under a horizontal heat ﬂow rT1x ¼ rT;rT1y ¼ 0
 
for different
values of k3/k1 with l3/l1 = 5.0 and a3/a1 = 5.0 where KT0 ¼ 2l1a1rTc3=2=ð1þ jÞ;
kb ¼ 0:0;h=2c ¼ 0:5, and d/c = 0.0.the effect of the ratio k3/k1 on the values of KII at the crack tip
a is reﬂected differently, depending on the crack orientation
angle h.
The variations of thermal-stress intensity factors for the mate-
rial pair, (l3/l1,a3/a1) = (5.0,5.0), are provided in Figs. 19 and 20
as a function of h for the horizontal and vertical heat ﬂows, respec-
tively. It is then remarkable that the values of KI are obtained to be
all negative for the given thermal conductivity ratios k3/k1, as plot-
ted in Figs. 19a and 20a, causing the crack surfaces to be rather
ﬁrmly closed with the greater magnitudes of KI. Such crack closure
is predicted to be even more pronounced for the interfacial crack
(h = 90o) under the horizontal heat ﬂow and for the oblique crack
(h ﬃ 50) subjected to the vertical heat ﬂow, especially when the
ratio k3/k1 is smaller than unity. As can be observed in Figs. 19b
and 20b, the values of KII delineate the quite intricate near-tip ther-
moelastic behavior, marking another salient departure from those
in Figs. 13b–16b. It should now be pointed out that the thermal-
stress intensity factors of the oblique crack appear to be more
strongly affected by the variation of thermal conductivity coefﬁ-
cients when the adjoining constituent retains the stiffer modulus0 15 30 45 60 75 90
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Fig. 20. Variations of thermal-stress intensity factors (a) KI/KT0 and (b) KII/KT0 as a
function of h under a vertical heat ﬂow rT1y ¼ rT;rT1x
 
¼ 0 for different values
of k3/k1 with l3/l1 = 5.0 and a3/a1 = 5.0 where KT0 ¼ 2l1a1rTc3=2=ð1þ jÞ;
kb ¼ 0:0;h=2c ¼ 0:5, and d/c = 0.0.
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the results in Figs. 13–20, it can thereby be conjectured that for
the oblique crack geometry, the thermal-stress intensity factors
under the horizontal heat ﬂow are induced to be of greater magni-
tude when compared with those due to the vertical heat ﬂow,
which is particularly true for the stress intensiﬁcation in the open-
ing mode.7. Closure
The thermoelastic problem of uniform steady-state heat ﬂows
disturbed by a partially insulated crack at an arbitrary angle to
the graded interfacial zone in bonded media has been investigated.
Based on the use of plane thermoelasticity equations and the
method of Fourier integral transform, two sets of singular integral
equations were derived for heat conduction and thermal stresses.
The emphasis was placed on the quantiﬁcation of thermoelastic
deformation in the near-tip region in terms of the values of heat-
ﬂux and thermal-stress intensity factors that elaborated several
unique and salient features in response to the variations of ther-
mophysical parameters in the problem over the given range of
crack orientation angle. The very involved nature of the crack-tip
behavior was indicated under the current nonisothermal loading
environment, which is quite distinctive from that previously ob-
served under the isothermal counterpart.
Speciﬁcally, it was manifested that the singular thermal stress
ﬁeld around the crack tends to be intensiﬁed to a larger extent
by the horizontal heat ﬂow in the direction of material gradation
than the heat ﬂow in the vertical direction. It was also noteworthy
that when the neighboring uncracked constituent possesses the
stiffness and thermal expansion that are greater than those of
the cracked one, but with the lowered thermal conductivity, the
oblique crack in the bonded system has the enhanced likelihood
of being closed, as could be inferred by the negative mode I ther-
mal-stress intensity factors, with the implication of the ensuing
possibility of crack-surface contact and friction. Although the trac-
tion-free crack surface condition is thus invalidated, the contact
and friction between the closed crack surfaces were not taken into
account in the present work, in the sense that the crack closure is
what may take place in reality under the inﬂuence of prescribed
thermal loading and the corresponding negative values of mode I
stress intensiﬁcation could still be applicable, if the superposition
with those due to the large enough residual and/or other tensile
loading gives rise to the positive resultants and keeps the crack
open.
In the mixed-mode thermal crack problem presented herein,
another point of interest would be to assess the possible crack
growth and arrest process based on the appropriate fracture crite-
rion. Whether the further crack extension would be the cleavage of
the adjacent graded interlayer, debonding along the nominal inter-
face or reﬂection back into the substrate may depend on the rela-
tive toughness to load factor ratios. Together with the values of
stress intensity factors, this basically requires the resources regard-
ing the material resistance to fracture in the near-tip region, espe-
cially when the crack intersects or lies along the interface with the
interlayer that essentially exhibits the nonhomogeneous variation
in its fracture toughness. Such consideration is, however, beyond
the scope of the current study and is left for the future
investigation.Acknowledgements
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The arbitrary unknowns, A(s), Bj(s), j = 1, 2, and C(s), in the gen-
eral solutions for the temperature ﬁeld are obtained in terms of the
auxiliary function /0 as:
AðsÞ ¼ ðk1  jsjÞðk2  jsjÞðe
k1h  ek2hÞ
2sD0ðsÞ I0ðsÞ ðA:1Þ
B1ðsÞ ¼ jsjðk2  jsjÞe
k2h
sD0ðsÞ I0ðsÞ ðA:2Þ
B2ðsÞ ¼  jsjðk1  jsjÞe
k1h
sD0ðsÞ I0ðsÞ ðA:3Þ
CðsÞ ¼ jsjðk2  k1Þe
ðk1þk2jsjÞh
sD0ðsÞ I0ðsÞ ðA:4Þ
where D0(s) and I0(s) are given by
D0ðsÞ ¼ ðk1 þ jsjÞðk2  jsjÞek2h  ðk1  jsjÞðk2 þ jsjÞek1h ðA:5Þ
I0ðsÞ ¼ i
Z b
a
/0ðtÞemjsjtþinstdt ðA:6ÞAppendix B
The elements of a vector W(s) = {W1(s),W2(s),W3 (s),W4(s)}T in
Eq. (44a) are expressed in terms of the auxiliary functions /0 and
/j, j = 1, 2, as:
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